In a recent paper the authors presented a new construction of BCC-algebras derived from posets with the top element 1. Resulting BCC-algebras, called weakly standard, are those for which every 4-element subset containing 1 is a subalgebra. In this paper we continue our investigations focusing on the properties of their lattices of congruence kernels.
Introduction
BCK-algebras, introduced in the 1960s by Imai and Iséki [3] , form a well-known class of algebras intensively studied in algebraic logic during the last decades. The reason of their introduction was practically twofold: they describe general properties of algebras of sets with the set subtraction as a binary operation, and secondly, they form a natural generalization of algebraic counterparts of implicational reducts of several kinds of logics. Namely, the class of implication algebras, introduced by Abbott when describing algebraic properties of the logical connective implication in a classical propositional logic, is a proper subclass of BCK-algebras. Bounded commutative BCK-algebras are known to be equivalent to a class of MV-algebras, arising in a fuzzy logic.
In connection with a problem whether the class of BCK-algebras forms a variety, Komori [4] introduced and studied a wider class of BCC-algebras.
We start with the following axiomatic system. Definition 1.1. An algebra (A,•,1) of type (2,0) is a BCC-algebra if it satisfies the following identities:
BCK-algebras are just those BCC-algebras which satisfy the axiom of exchange • 1 x y z 1 1 x y z x 1 1 z 1
It is well known that the axioms of BCC-algebras allow to define a natural ordering on the base set as follows:
(1.1)
Moreover, substituting x = 1 into (BCC1), one gets
for each y,z ∈ A. BCC-algebras (A,•,1), in which every subset containing the element 1 is a subalgebra, are called standard [1] . A representation theorem for standard BCC-algebras was presented in [1] .
In [2] , a condition on subalgebras of a BCC-algebra was weakened as follows: we considered those BCC-algebras Ꮽ = (A,•,1) having the property
Such BCC-algebras are called weakly standard.
It is immediately clear from the definition that every standard BCC-algebra is weakly standard, but not conversely. It is easy to verify that (A,•,1) is a weakly standard BCC-algebra, but
shows that it is neither a BCK-algebra nor a standard BCC-algebra. To recall the representation theorem for weakly standard BCC-algebras, we need the following notions.
Given a weakly standard BCC-algebra Ꮽ = (A,•,1), x, y,z ∈ A, and x • y = z ∈ {1, x, y}, it has been shown in [2] that necessarily y • x = z holds and only the following two possibilities, presented in Tables 1.2a and 1 .2b, for products of elements from {1, x, y,z} can occur. 
This leads us to the following definitions. (
the latter case, two possibilities can happen: They show how one can generate a structure of a weakly standard BCC-algebra on a given poset (P,•,1) with a top element 1. Describe all the possibilities to get a structure of a weakly standard BCC-algebra (P,•, 1) on P.
(1) If there is no singular triple in (P,•,1), then according to (3) we have
(2) Assume that there is a singular triple in (P,•,1), for example, (x, y,v). Evidently, by (2) and (4), (4), (x, y,v) has to be of type A, hence
If one of the pairs (x,a), (y,a) is normal, then by (A5)(i), 
Congruence kernels, ideals, deductive systems, and annihilators on weakly standard BCC-algebras
The aim of this paper is to describe congruence kernels on weakly standard BCC-algebras as well as properties of the corresponding lattice of all congruence kernels. Given a poset (A,≤,1) with a greatest element 1, x, y ∈ A, x > y; we call a pair (x, y) bridge if for each z ∈ A the following (dual) conditions hold:
Definition 2.1. A subset ∅ = I ⊆ A of a weakly standard BCC-algebra Ꮽ = (A,•,1) which satisfies the conditions (I1) x ∈ I, y ∈ A, and x ≤ y imply y ∈ I, (I2) (x, y) being a bridge and
(x, y,z) being a singular triple and x ∈ I imply y ∈ I, is called an ideal of Ꮽ.
The set of all ideals of Ꮽ will be denoted by Id(Ꮽ). For a congruence θ on Ꮽ, denote by [1] θ its congruence class containing the element 1, the so-called kernel of θ.
Denote by Ck(Ꮽ) or Ded(Ꮽ) the set of all congruence kernels of Ꮽ or the set of all deductive systems of Ꮽ, respectively. Proposition 2.3. For an arbitrary weakly standard BCC-algebra Ꮽ, it holds that Id(Ꮽ) = Ded(Ꮽ).
Proof. Let I ∈ Id(Ꮽ). Since ∅ = I, (I1) immediately gives 1 ∈ I. Further, suppose x • (y • z) ∈ I and y ∈ I. For y, z the following cases can occur. Note that the set Id(Ꮽ) of all ideals of Ꮽ forms a lattice with respect to set inclusion. 
Then by (D1) and (BCC1), we have
The validity of z • x ∈ D can be proved analogously, and so θ D is transitive.
Further, let x, y ∈ θ D and u ∈ A be an arbitrary element. Then x • y, y • x ∈ D. By (BCC1) and (D1), we have
Interchanging x and y, we also have ( 
is called the annihilator of C. The set
is called the relative annihilator of C with respect to B.
Theorem 2.6. Let Ꮽ = (A,•,1) be a weakly standard BCC-algebra and let I be an ideal of Ꮽ. Then I is also an ideal and the pseudocomplement of I in the lattice Id(Ꮽ). Moreover, 
(2.6)
Proof. At first we show that
It is easily seen that B ⊆ C,B . Suppose x c for each c ∈ C \ B and x ∈ B. Then either
) is a singular triple for some d ∈ A. Let us show that the latter case leads to a contradiction. Indeed, c ∈ C gives by (I3) x ∈ C \ B, which yields a contradiction x x. In the remaining case we have
Conversely, suppose y ∈ C,B \ B and let y ∦ c for some To prove (I3) assume x ∈ P,(x, y,x • y) is singular. If x ∈ U(c), then by (A1), (A2), or (B2), c < y and y ∈ U(c). The case x • c = x cannot occur due to (A4) and (B4). Finally, the singularity of (c,x,c • x) leads by (A5) or (B5) to the singularity of (c, y,c • y), that is, y ∈ S(c). Altogether P is an ideal of Ꮽ and since it is evident that c ∈ P ⊆ I(c), we get
There is a natural question to find conditions under which an annihilator of every subset M of A is equal to the annihilator of I(M), the ideal generated by M. We will show that the answer is closely connected with weak semi-implication algebras. Summing up the results of the paper, we characterized the congruences on weakly standard BCC-algebras by means of ideals (a purely algebraic notion) as well as by means of deductive systems (a logical notion). Moreover, these lattices are shown to be relatively pseudocomplemented and their relative pseudocomplements are described.
Acknowledgment
The financial support of the Czech Government Grant MSM 6198959214 is gratefully acknowledged.
